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Euler’s relation when applied to 5-valent convex polyhedra leads to an 
equation for the number of triangular faces in terms of the number of other faces. 
Below we prove that conversely, if a finite sequence (ps ,pc,...,p& of non- 
negative integers satisfies that equation, and if p, is large enough, then there 
exists a 5-valent convex polyhedron with p, k-gonal faces for each k. 
1. INTRODUCTION 
It follows from Euler’s relation that if a convex 5-valent polyhedron 
in 3-dimensional Euclidean space E3 has plc k-gonal faces for each k, then 
p3=20+ C (3k-lO)p,. 
9Q4 
(1.1) 
It is an elementary exercise in [3], p. 271, #12 to show that the converse 
is false: there can be no 5-valent polyhedron with p3 = 22, p4 = 1, and 
pk = 0 for k > 4. The problem of finding sufficient conditions for the 
existence of convex 5-valent polyhedra actually belongs to the theory of 
graphs: according to a theorem of Steinitz (discussed in [3, 13.11 or 
[5, 1.81 establishing the existence of a convex polyhedron in E3 with 
prescribed faces is equivalent to constructing the combinatorially isomor- 
phic 3-connected planar graph. Our problem is thus reduced to the 
following: 
Given a finite sequence p = (pa, pa ,..., pr) of nonnegative integers 
that satisfies (l.l), determine whether a 3-connected planar map can be 
constructed on a sphere havingp, k-gonal faces for each k. 
To obtain a partial solution we concentrate on the related sequence 
Pl = (Ps 7 Pa ,***, px) and seek an integer-valued function m = m(p’) with 
the property that if p4 B m and p3 satisfies (1.1) the desired map exists. 
I shall show that m < 6; that is, 
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1.2. MAIN THEOREM. If p = (pS , ps ,..., pK) is a finite sequence of 
nonnegative integers that satisJies (1.1) and tf p, 3 6, then there exists a 
Svalent convex polyhedron having pk k-gonal faces for each k. 
Even though, as mentioned in Section 5, there is much interest in 
the Euclidean properties of 5-valent polyhedra, their combinatorial 
properties seem to have been neglected. There is an extensive literature 
on the related problems involving 3-valent and 4-valent polyhedra. A 
converse to Euler’s relation for J-valent polyhedra was proved in the 
last century by V. Eberhard. A discussion of that result with some exten- 
sions and analogs can be found in [3, 13.3; 4, 5, Section 11. A more 
recent bibliography of these results is in [2] together with a stronger 
version of Eberhard’s theorem. Although there can be no v-valent poly- 
hedron for v > 6, a more general approach has been taken which calls 
for a specified number of v-valent vertices for each integer v > 2, v # 4 
(see, for example, [4]). This seems to be the closest anybody has come to 
dealing with the problem studied here. 
The proof of Theorem 1.2 will be outlined in Section 3. Section 4 
contains a discussion of how close this result comes to being a complete 
solution to the problem of determining all suitable sequences. The final 
section looks at two related topics from Euclidean geometry: the existence 
of equal-edged, 5-valent, convex polyhedra with prescribed faces, and 
the problem of finding an arrangement of n points in E3 each nearest to 
5 others. 
Before proceeding it seems wise to state and prove a weaker result: 
1.3. THEOREM. Ifp = (p3 ,p4 ,..., pK) is afinite sequence of nonnegative 
integers that satisfies (1.1) and tf p4 > 10 + &5 (k - 3) pk , then there 
exists a 5-valent convex polyhedron having pk k-gonal faces for each k. 
The proof of this theorem is much like that of the main result, but 
there are no special cases to examine; consequently it is easy to supply 
all the details of its proof. The theorem, however, is much weaker than 1.2. 
2. PROOF OF THEOREM 1.3 
We construct a map on a sphere in 2 pieces, the southern and northern 
hemispheres. The south configuration (a topological disc) will be a map 
whose interior vertices are 5-valent and whose boundary vertices are 
3-valent. The north disc’s interior will be 5-valent and boundary will be 
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4-valent. When the 2 boundaries are identified to form the “equator,” 
the resulting equator will be 5-valent: 
y 
I 1 equator. 
2.1. The South Conjiguration. We arrange the given k-gons with 
k > 4 (if any) in a line in such a way that each shares 2 vertices and an 
edge with at most 2 neighbors. To standardize the construction we require 
that there be a path containing exactly one edge from each polygon of 
the line-up; this is shown in Fig. 1A for the example whenp, = ps = ps = 1 
and pk = 0, k i 3, 4, 5, 6, 9. 
FIG. 1A. Example of a south configuration. 
FIG. IB. A k-gon of the line-up. 
In order to get a boundary with only 3-valent vertices, adjoin triangles 
and quadrangles as shown in Fig. 1A. Note that each k-gon of this 
line-up except the ends produce 3(k - 3) 3-valent vertices on the perimeter 
(see Fig. 1B). The left end produces 4 extra and the right end, one extra. 
Each polygon of the line-up shares an edge with k - 3 quadrangles. 
We shall see that the construction will fail when there are fewer than 
14 vertices on the boundary. In these cases quadrangles must be used in 
the line-up. In fact, as many as 3 might be needed (in the case when 
pk = 0 for k > 4) in order to have the critical number of equatorial 
vertices. 
2.2. The North Configuration. We desire the same number V of 
4-valent vertices in the north as there are 3-valent vertices in the south. 
A configuration that consists of V + 18 triangles, 4 quadrangles, and 
V = 14 + 2n (n >, 0) 4-valent vertices is shown in Fig. 1C. Note that 2n 
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of the vertices labelled A, are to be used. When V = 14 + (2n - 1) 
(n > 0) we use the horizontal-mirror image of the right half of Fig. IC 
together with 2n - 1 of the vertices labeled Ai . 
5' 11 
4 3.2 
2 l *1 *3 A 14 
zn-1 
Fig. 1C. The north configuration. 
7 8=*, 
2 1 
FIG. ID. North configuration with extra 4-gon. 
The vertex labeled 1 in Fig. 1C can now be identified with any vertex 
of the boundary of the south cotiguration of 2.1. The boundary vertices 
and edges of 1C are to be identified with the boundary vertices and edges 
that were constructed in 2.1. This identification yields a 5-valent map on 
a sphere. It can easily be verified that this map is planar and 3-connected. 
By Stein&z’s theorem there is a convex polyhedron that is combinatorially 
equivalent to this map. 
2.3. The Number of Quadrangles. If no quadrangles are used in the 
line-up of 2.1, there is a total of C k>5 (k - 3)p, quadrangles in the south 
configuration (k - 3 for each k-gon); there are always 4 in the north. 
If 3 quadrangles are required in the line-up to ensure that there are 
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enough boundary vertices this would add 6 quadrangles to that total 
(3 in the line-up and (k - 3)3 = 3 to complete the cotiguration). This 
verifies the claim that the map constructed in 2.2 need have no more 
than 10 + Cka5 (k - 3)p, quadrangles. 
It remains to verify the claim that any value of p4 larger than this 
number will suffice. It is clear that 4-gons may be used in the line-up of 
2.1; each quadrangle used adds 2 to the total. Thus our construction 
will be possible using 10 + 2n + Cka5 (k - 3) plc quadrangles for any 
nonnegative integer n. To raise this total by one we need only modify 
the left side of the north configuration as in Fig. 1D. This completes the 
proof of 1.3. 
3. OUTLINE OF THE PROOF OF THEOREM 1.2 
The strategy here is the same as in Section 2. We modify that proof by 
constructing a south configuration that has at most 2 quadrangles, yet 
still has a boundary of 3-valent vertices. 
As in Section 2, arrange all the k-gons with k > 4 in a line-up together 
with any desired number of quadrangles. In general, if 3 consecutive 
vertices of a polygon in the line-up are not shared with a neighbor of the 
line-up, adjoin 4 triangles as in (i) of Fig. 2A: there results an interior 
5-valent vertex and 5 3-valent boundary vertices. If the middle vertex of 
the three is shared by 2 polygons, modify the configuration as in (ii) with 
3 triangles and one 5-valent and 4 3-valent vertices. The configurations 
(iii), with one quadrangle, and (iv), with 2 quadrangles, can be used when 
there are 4 or 5 unshared vertices in the line-up; one triangle will be 
omitted if one of those vertices is shared. 
(i) (ii) (iii) (iv) 
FIG. 2A. Constructions used to convert the vertices of a line-up to 3-valent boundary 
vertices. 
The idea is to use (i) and (ii) to convert the vertices of the line-up to 
3-valent boundary vertices. Continue this conversion process systematically 
until all vertices of the configuration are either 5-valent (on the interior) 
or 3-valent (on the boundary). 
Claim. The k-gons of the line-up can be arranged so that the construc- 
tions of Fig. 2A will yield the desired configuration; furthermore, the 
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use of (iii) and (iv) can usually be avoided, but in no case will more than 
2 quadrangles be required. 
The verification of this claim is simplified by the observation that 
because of (i) (in Fig. 2A) a (k + 3n)-gon will behave like a k-gon with 
k = 4, 5, or 6. The possibilities are shown in Fig. 3B, and 3 examples 
are worked out in 3C. Note that all possible line-ups of k-gons with 
k > 4 have been considered in Fig. 3B and that they all satisfy the above 
claim. 
(i) One k-gon with k>4: 







[One from this [Any number of these polygons] 
column] 
FIG. 2B. Systematic constructions of 3-valent boundary for south disc. 
5-VALENT CONVEX POLYHEDRA 7 
FIG. 2C. Three examples of south configurations. In the top configuration, only 
i and ii of Fig. 2A are used; in the middle, i, ii, and iii of Fig. 2A are used; and in the 
bottom, i, ii, and iv of Fig. 2A are used. (This is the example sequence of Section 2.1.) 
The proof of Theorem 1.2 is now completed as in Section 2.2. That is, 
construct a north configuration with the appropriate number of 4-valent 
vertices on its boundary, then identify the boundaries of the north and 
south hemispheres. There are two difficulties with this procedure that 
were not encountered in the previous proof: 
3.1. The argument breaks down when there are fewer than 14 3-valent 
vertices on the boundary of the south configuration. Clearly we must 
avoid using quadrangles in the line-up in order to maintain a small pd. 
This problem only arises in the following five cases: 
a. pK = 0, k > 4, 
b. ps=l; pk=Q, k>5, 
c. p5 = 2; ph = 0, k > 5, 
d. pa=l; pk=O, k#3,4,6, and 
e. p, = 1; pk = 0, k # 3,4, 7. 
There is no difficulty constructing graphs in any of the five cases (see 
Section 4). 
3.2. We must take care that the north and south hemispheres are 
joined so that the resulting map is 3-connected; in particular it could 
happen that a triangle from the north shares 2 vertices but no edge with 
a polygon from the south. In the case in which there is more than one 
polygon in a line-up of Fig. 3C, rotate the northern hemisphere until 
each of those triangles that have all 3 vertices on the boundary (labeled 
Ai in Fig. 2C) are positioned so that a vertex is shared with a polygon 
on the right half of the line-up, and a vertex with a polygon on the left. 
When the line-up contains a single k-gon with k > 7 the problem can 
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be avoided as in Fig. 2D which views this situation from the north pole 
(the equator is drawn with a heavy line). Note that it can always be 
arranged so that a north triangle that shares 2 vertices and an edge with 
the south polygon will share its third vertex with the middle vertex of the 
four-triangle configuration in (i) of Fig. 2A; this implies that if a north 
triangle shares a single vertex with the south polygon, its other vertices 
are shared with the second, third, or fourth vertices of (i), never with the 
south polygon. 
Fzc. 2D. Joining the north and south configurations in the case of a single k-gon 
with k > 4. 
To summarize, it follows from Section 2.2 that no more than 4 quad- 
rangles are required in the north; Fig. 2B shows that no more than 
2 quadrangles are required in the south. Additional quadrangles can be 
inserted into most of the line-ups of Fig. 2B; otherwise (as when there 
is a single k-gon in the line-up) quadrangles may be added as in 2.3. In 
either case our construction can be carried out (except as noted in 3.1) 
as long as there are more than 5 quadrangles. The resulting map on the 
sphere is 5-valent, planar, and 3-connected; thus, aside from the construc- 
tions left to the reader in 3.1, the proof of Theorem 1.2 is complete. The 
missing constructions are available from the author. 
4. DISCUSSION OF THEOREM 1.2. 
The main theorem is not as strong as possible. For one thing, the 
number m(p’) defined in the introduction is usually less than 6. For 
example, when p is the sequence (c) of 3.1 (that is, p = (pa , p4 ,2)), 
m(p’) = 0; in other words, there can be contructed a convex, 5-valent 
polyhedron with 2 pentagons, p4 quadrangles, and pa = 30 + 2p, triangles 
for any nonnegative integer p4 (see Fig. 3 for p4 = 0, 1). In fact I am 
able to modify the north cor&uration in such a way that m(p’) =G 4 in 
every example that I have tried. In particular I made a detailed study of 
the exceptional cases of 3.1; the results are: 
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For (a) ps can have any value different from 1; 
for (b) p4 can have any value larger than 2, it can never be 0 or 1, 
while p4 = 2 is still an open question; 
for (c) pa can have any value; 
for (d) and (e) p4 can have any value larger than 3, it can never be 
0 or 1, while p4 = 2, 3 is still open. 
I am still unable to prove: 
4.1. Conjecture. m(p’) < 4 for any finite sequencep’ = (ps , ps ,..., pK) 
of nonnegative integers. 
(30, 0, 2) (32, 1, 2) 
FIG. 3. Two members of the infinite family (pa ,p4 ,2). 
The only difficulty is to ensure that in every case the north and south 
hemispheres can be joined in a 3-connected graph (I can prove the con- 
jecture easily if this is not required). It might also be possible that a set 
of north configurations can be found to lower m(p’) to 2 in all but a few 
exceptional cases, 
Note finally that it sometimes happens [as in (a) of 3.11 that p can be 
realized for values of pa < m(p’). For example, it is easy to show that 
when p = (p3 , pa), the desired polyhedron can be constructed for all 
values of p4 except p4 = 1; in this case therefore m(p’) = 2 while p is 
also realizable for p4 = 0. 
5. SOME RELATED QUESTIONS FROM EUCLIDEAN GEOMETRY 
My interest in 5-valent graphs was kindled by an incredible result of 
R. M. Robinson [7]: There are only 5 5-valent maps on a sphere whose 
faces are convex equal-edge spherical polygons with longer diagonals 
than edges. 
One might at first be tempted to conjecture that the number of convex, 
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equal-edge, 5-valent polyhedra in E3 is also finite. However in the light 
of Theorem 1.2, I now suspect the contrary, 
5.1. Conjecture. For any nonnegative integer p5 there are infinitely 
many values of p4 for which a convex, equal-edge, 5-valent polyhedron 
exists having for its facesp, rhombi, ps pentagons, andp, = 20 + 2p, + 5p, 
equilateral triangles. 
I conclude this paper with a brief description of the present state of 
this conjecture. 
The 5 convex equal-edge polyhedra that are combinatorially equivalent 
to Robinson’s all exist. Three are familiar uniform polyhedra (icosahedron, 
snub cube, and snub dodecahedron); the other 2 can be shown to exist 
(which must be done independently of Robinson’s theorem since not all 
their vertices lie on a sphere). In addition to the 3 uniform examples, 
there is precisely one [8, Fig. 3 #85: Mzs] whose faces are all regular 
polygons and whose vertices (by Robinson’s theorem) do not lie on a 
sphere. These six are the only established examples. 
There are a number of restrictions on the faces of such polyhedra 
whose existence is conjectured in 5.1. For example, 
(a) The triangles must be equilateral. 
(b) The quadrangles must be rhombi. 
(c) All face angles must be less than 27~/3 (briefly, this is because 
the sum of the 5 face angles at a vertex must be less than 27~; an angle 
A, > 2~/3 must share its vertex with a rhombus or pentagon whose 
angle is Bl < 7~13; that face would have to have an angle A, > A, which 
would share a vertex with an angle B, < Bl ; etc.). 
(d) pk = 0 for k > 5 [because of (c)l. 
(e) No 2 pentagons can share a vertex [the sum of any 2 face angles 
at a vertex must be less than v because of (c)l. 
(f) No 2 rhombi can share an edge [the sum of any 2 face angles 
at a vertex must be less than 71. 
Since for any p4 and ps there are usually many different 5-valent, 
3-connected planar maps-the number of nonisomorphic types seems 
to increase with the ratio p4 : pS-it is easy to find equal-edge polyhedra 
that satisfy the necessary conditions. The difficulty lies in showing that 
the face angles can be chosen so that the polyhedron is convex. 
I should perhaps point out a confusing statement in both English 
translations of [6, Section 241 of a theorem of A. D. Aleksandrov (correctly 
stated in [l]). The claim seems to be that the obvious necessary conditions 
that I have given above are also sufficient for the existence of a convex 
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polyhedron. As an example of what can go wrong, consider a square 
pyramid. If one desires to replace the unit square of its base with 2 isosceles 
right triangles (with edge lengths 1, 1, and 42) that share their hypotenuse, 
a theorem of Cauchy [6, Section 201 implies that the 2 triangles will lie 
in the same plane. This polyhedron does not have the 6 prescribed faces 
by any definition of prescribe that I would accept. 
5.2. Remark. On the other hand, Aleksandrov’s theorem together 
with the arguments of this section would probably lead to a solution to 
the problem of arranging n points in E3 in such a way that each point 
is as near to 5 others as’ any 2 points are to each other. 
Note added in proof. In a private communication Joseph Zaks pointed out that the 
analog of Theorem 1.2 for toroidal graphs holds provided p4 2 5. 
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